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CPWL Functions

▶ CPWL functions are fundamental in optimization

▶ CPWL functions are the functions representable by ReLU neural networks

▶ Nonconvexity complicates optimization and neural network representations.

▶ Every CPWL function f can be written as difference of two convex CPWL
functions g − h [Melzer, 1986; Kripfganz and Schulze, 1987].
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Outline

Key questions

▶ How complex do the convex functions g and h need to be compared to the
original function f ?

▶ How to find minimal or small decomposition?

Outline

1. Crash course on CPWL functions

2. Decomposition Polyhedra

3. Submodular functions

3 / 30



Outline

Key questions

▶ How complex do the convex functions g and h need to be compared to the
original function f ?

▶ How to find minimal or small decomposition?

Outline

1. Crash course on CPWL functions

2. Decomposition Polyhedra

3. Submodular functions

3 / 30



Outline

Key questions

▶ How complex do the convex functions g and h need to be compared to the
original function f ?

▶ How to find minimal or small decomposition?

Outline

1. Crash course on CPWL functions

2. Decomposition Polyhedra

3. Submodular functions

3 / 30



Outline

Key questions

▶ How complex do the convex functions g and h need to be compared to the
original function f ?

▶ How to find minimal or small decomposition?

Outline

1. Crash course on CPWL functions

2. Decomposition Polyhedra

3. Submodular functions

3 / 30



Outline

Key questions

▶ How complex do the convex functions g and h need to be compared to the
original function f ?

▶ How to find minimal or small decomposition?

Outline

1. Crash course on CPWL functions

2. Decomposition Polyhedra

3. Submodular functions

3 / 30



Polyhedral Complex

A polyhedral complex P is a collection of polyhedra such that

▶ ∅ ∈ P,

▶ if P ∈ P then all faces of P are in P, and

▶ if P,P ′ ∈ P, then P ∩ P ′ is a face both of P
and P ′.

▶ We will only consider complexes that cover Rd .

▶ Pk = set of k-dimensional polyhedra (faces) of P.

▶ Pd−1 = facets of P.

▶ Pd = regions of P.

▶ If all polyhedra are cones, then we all P a polyhedral fan.
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CPWL function

Definition
A function f : Rd → R is continuous and
piecewise linear (CPWL), if there exists a
polyhedral complex P such that f is affine linear
on all P ∈ P.

We call f and P compatible with each other.

Number of pieces

▶ f |P is a linear component of f .

▶ The number of pieces q of f is the smallest
possible number of regions |Pd | of a
compatible polyhedral complex P.
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Convexity
▶ If f is a convex CPWL function, then

f (x) = max
i∈[k]

{⟨ai , x⟩+ bi}

for affine functions x 7→ ⟨ai , x⟩+ bi .

▶ Then Pd
f = {Pi | i ∈ [k]} with

Pi = {x ∈ Rd | ⟨ai , x⟩+ bi = f (x)}
defines the unique coarsest compatible polyhedral complex Pf .

▶ Number of pieces = number of linear components
▶ Example: max{x1, x2, x1 + x2}

x1 + x2
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Existing Decompositions

Hyperplane extension Local maxima decomposition

Kripfganz and Schulze ’87
Zalgaller ’00

Schlüter and Darup ’21
. . .

Kripfganz and Schulze ’87
Wang ’04

Wang and Sun ’05
. . .

▶ Both methods already discovered by Kripfganz and Schulze in 1987

▶ Local maxima decomposition is refinement of the hyperplane extension in the
worst case
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Hyperplane extension
1. Extend convex folds to hyperplanes

2. For each P,Q ∈ Pd with and f convex at P ∩ Q ∈ Pd−1 define

gP,Q(x) = max{⟨aP , x⟩+ bP , ⟨aQ , x⟩+ bQ}

3. g =
∑

gP,Q

4. h = g − f is convex

f (x)

x2

x1

0

0
=

= max{0, x1}+max{0, x2}= max{0, x1, x2, x1 + x2}

x1 + x2

x1

x2

0

−

−max{0, x1, x2}

0
x1

x2

▶ But: If f has q pieces, g and h can have O(qd) many pieces
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Minimal Decompositions

Is this construction optimal?

No!

x2
x1

0

0
=

x1 + x2

x1

x2

0

−
0

x1

x2

Is this construction optimal? Yes!
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Parameterize Function by Local Convexity

Let the CPWL function f be compatible with P

▶ For P ∈ Pd , let aP ∈ Rd , bP ∈ R such that f (x) = ⟨aP , x⟩+ bP for x ∈ P

▶ For σ ∈ Pd−1, let P and Q be the unique polyhedra such that P ∩ Q = σ

▶ Define wf (σ) =

{
∥aP − aQ∥2 f locally convex around σ

−∥aP − aQ∥2 f locally concave around σ

x2

x1

0

0

1
−
√
2

0

▶ Then (P,wf ) is a balanced complex.
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▶ Define wf (σ) =

{
∥aP − aQ∥2 f locally convex around σ

−∥aP − aQ∥2 f locally concave around σ
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Balanced polyhedral complexes
▶ Let P be polyhedral fan in R2

▶ For σ ∈ P1, let rσ be the unit length ray generator of σ
▶ A weight function w : P1 → R satisfies balancing condition if∑

σ∈P1

w(σ)rσ = 0

1

1 −
√
2

0∑
σ∈P1

w(σ)rσ = 1 · (1, 0)−
√
2 · ( 1√

2
,
1√
2
) + 1 · (0, 1) = (0, 0)
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Balancing condition in higher dimension

▶ Let P be a polyhedral complex in Rd .

▶ The weight function w : Pd−1 → R is
balanced if: For every τ ∈ Pd−2,∑

σ⊇τ

w(σ)eσ/τ = 0

▶ For σ ∈ Pd−1 and τ ∈ Pd−2 let eσ/τ be
unit normal vector of τ “inside” σ

τ

eσ1/τ

σ1

σ2

σ3

eσ3/τ

eσ1/τ

eσ2/τ
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Tropical Geometry

Structure Theorem
▶ wf is balanced.

▶ For every balanced weight w there is a unique (up to adding a linear function)
CPWL function f such that wf = w :

Proof sketch

▶ Choose a P ∈ Pd and set aP = 0

▶ Choose Q ∈ Pd with P ∩ Q ∈ Pd−1

▶ aQ := aP + w(P ∩ Q) · eQ/P∩Q
▶ Iterate

▶ Balancing condition ensures that prodecure is
well-defined

1

1
−
√
2

0

x2

eQ/P∩Q = (1, 0)
x1Q

0

0P
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Newton Polytopes

Bijection between convex CPWL functions and polytopes

▶ A positively homogeneous convex CPWL function is a function f such that
f (0) = 0, and Pf is a polyhedral fan.

▶ Convex function f (x) = maxi∈[k]⟨x , ai ⟩, where ai ∈ Rd .

▶ Newt(f ) = conv(a1, . . . , ak).

▶ Number of linear pieces = number of vertices

▶ Pf is normal fan of Newt(f ).

▶ edge length = weights on facets

x1 + x2

x1

x2

1

√
2

1

(1, 0)

(0, 1) (1, 1)

√
2
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Summary

Pos. homogeneous
convex CPWL functions

Polytopes

Positively weighted balanced fans

Newton polytope

Support function

No
rm
al
fan

Ed
ge
s d
ua
l t
o f
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ets
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o
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l
co
n
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ty
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Allowing Subtraction

Pos. homogeneous
convex CPWL functions

Virtual Polytopes

Positively weighted balanced fans

16 / 30



Dimension 2

Theorem (Tran and Wang, 2024)

For every positively homogeneous CPWL-function f : R2 → R exists a unique
minimal representation as difference of two convex functions g , h.

Given

balanced fan

1

1 −
√
2

=⇒

Take rays with

positive weights

1

1

=⇒

Rebalance this fan
by adding one ray

1

1

√
2

Dual perspective:

Edges dual
to rays

=⇒

Complement polygon
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Conjecture for higher dimension
▶ For every τ ∈ Pd−2, let σ1, . . . , σk ∈ Pd−1 be the facets containing τ with

wf (σi ) > 0

▶ Construct the polygon Pτ dual to σ1/τ, . . . , σk/τ in the 2-dimensional space
orthogonal to span(τ)

▶ Glue the polygons Pτ together along edges corresponding to the same facets σ
and take the convex hull

Figure: Figure from [Tran and Wang] 18 / 30
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Counterexample to Conjecture

eσ1

eσ2

eσ3

Pτ1

eσ2

eσ7

eσ8

eσ9

Pτ3

eσ10

eσ11

eσ12

eσ4

eσ13

eσ9

Pτ4

eσ5

eσ4eσ3

eσ6

Pτ2
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Current State

What is the current state?
▶ Optimal solution in dimension 2

▶ Infinitely many decompositions in general

▶ No procedure to find a good solution

What now?

▶ Describe the space of all decompositions. But this space lies in a
infinite-dimensional vector space....

▶ To make the problem more tractable: Fix the possible breakpoints of the
decompositions

20 / 30
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Fix the possible locus of nonlinearity

Some observations
▶ VP := set of all CPWL function compatible with P is a vector space.

▶ f is convex if and only if f + a is convex for affine function a

▶ VP := VP modulo affine linear functions is isomorphic to
WP := {w : Pd−1 → R | w balanced }.

▶ VP is finite dimensional and the set of all convex functions

V+
P

∼= W+
P :=

⋂
σ∈Pd−1

{w ∈ WP | w(σ) ≥ 0}

is a polyhedral cone.
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Decomposition Polyhedra

Definition
For f compatible with P, we define the decomposition polyhedra as

DP(f ) = {(g , h) ∈ V+
P × V+

P | f = g − h}.

x2

x1

0

0
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Minimal and Reduced Decompositions

▶ A decomposition (g , h) ∈ DP(f ) is called reduced, if there is no non-linear

convex function ϕ ∈ V+
P \ {0} such that g − ϕ and h − ϕ are both convex.

▶ A decomposition (g , h) ∈ DP(f ) is called minimal, if there is no other
decomposition (g ′, h′) ∈ DP(f )

▶ where g ′ has at most as many pieces as g , h′ has at most as many pieces as h,
▶ and one of the two has strictly fewer pieces.
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Structure of the Decomposition Polyhedra

Theorem (Brandenburg, G., Hertrich, 2025)
▶ DP(f ) is a polyhedron that arises as the

intersection of two shifted cones.

▶ A decomposition (g , h) ∈ DP(f ) is reduced if
and only if (g , h) is contained in a bounded
face of DP(f ).

▶ A minimal decomposition (g , h) ∈ DP(f ) is
always a vertex of DP(f ).

V+
P

f + V+
Pf

DP(f )

▶ Finite procedure to find minimal decomposition among decompositions in
DP(f ).
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Cases with a unique vertex

▶ Hyperplane functions f (x) =
∑

i∈[k] λi ·max{⟨x , ai ⟩, ⟨x , bi ⟩}

= −

▶ The function f : Rn → R that returns the k-th largest entry of an input vector
x ∈ Rn.

= −

x1
x20

0
x1

x2

x1 + x2

x1

x2

0

x1

x2
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Braid arrangement

Braid arrangement
▶ The braid arrangement in Rd is the

hyperplane arrangement consisting of the(d
2

)
hyperplanes xi = xj , with

1 ≤ i < j ≤ d .

▶ The braid fan B is the polyhedral fan
arising from the braid arrangement.

▶ B is simplicial and rays B1 are in bijection
with subsets of [d ]

x3 ≤ x1 ≤ x2

x3 ≤ x2 ≤ x1

x1 ≤ x3 ≤ x2

x2 ≤ x3 ≤ x1

x2 ≤ x1 ≤ x3

x1 ≤ x2 ≤ x3

{3}

{2, 3}

{1, 3}

{1, 2}

{1}

{2}

Lemma
The mapping Φ that maps f ∈ VB to the set function F (S) = f (1S) is a vector space
isomorphism, where 1S =

∑
i∈S ei .
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Submodular function
A set function F : 2[d ] → R is called submodular if

F (A) + F (B) ≥ F (A ∪ B) + F (A ∩ B)

for all A,B ⊆ [d ] and F (∅) = 0.

Base polytope

The base polytope B(F ) is defined by the inequalities
∑

i∈S xi ≤ F (S) for all S ⊂ [d ]
and

∑
i∈[d ] xi = F ([d ]).

{3}

{2, 3}

{1, 3}

{1, 2}

{1}

{2}

A function f is convex if and only if Φ(f ) is submodular.
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Decomposing Set Functions

How to decompose a set function into a difference of submodular functions such that
their base polytopes have as few vertices as possible?

V+
B Generalized Permutahedra

Submodular functions

Newton polytope

Support function

Ba
se
po
lyt
op
e

Φ
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Decomposing Set Functions

Corollary (Brandenburg, G., Hertrich)

▶ The set of decompositions of a general set function into a difference of
submodular functions is a polyhedron

▶ that arises as the intersection of two shifted copies of the submodular cone.

▶ Every minimal decomposition is a vertex.

▶ Cut functions admit a unique optimal decomposition into submodular functions
which are themselves cut functions.

The decomposition polyhedra can be very complex

We do not even know the number of rays of the submodular cone for d > 5....
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Open Problems (almost everything)

▶ Given a CPWL function f in dimension d with q pieces, does there always exist a
decomposition f = g − h such that the number of pieces of g and h is
polynomial in d and q?

▶ How to efficiently find good decompositions for d ≥ 3?

▶ How to efficiently find good decompositions when polyhedral complex is fixed for
d ≥ 3?

Thank you for your attention!
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